ON L^ MODULUS OF CONTINUITY OF BROWNIAN LOCAL TIMES 

AND RIESZ POTENTIALS 

AURELIEN DEYA, DAVID NUALART, AND SAMY TINDEL 

Abstract. This article is concerned with modulus of continuity of Brownian local times. 

Specifically, we focus on 3 closely related problems: (a) Limit theorem for a Brownian 
^•f-N ■ modulus of continuity involving Riesz potentials, where the limit law is an intricate 

Gaussian mixture, (b) Central limit theorems for the projections of L^ modulus of 
^D ■ continuity for a 1-dimensional Brownian motion, (c) Extension of the second result to a 

^^ . 2-dimensional Brownian motion. Our proofs rely on a combination of stochastic calculus 

^ ■ and Malliavin calculus tools, plus a thorough analysis of singular integrals. 
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1. Introduction 



Let {Bt, < t < 1} be a standard linear Brownian motion defined on some complete 
probability space {fl, T , P). In the sequel, we denote by Li{x) the local time of 5 at a given 
point x G M, defined for t G [0, 1]. A nice combination of stochastic calculus, stochastic 
analysis and evaluation of singularities associated with heat kernels have recently led to 
a number of interesting limit theorems for quantities related to the family {Lf(a;); t G 
[0, 1], X G M}. Let us quote for instance the use of Malliavin and stochastic calculus tools 
in order to get suitably normalized limits for L^ modulus of continuity (see [5], [T3]) or 
third moment in space (cf 0) of Brownian local time. Malliavin calculus tools have also 
been essential in order to generalize the notion of self-intersection local time [U [7j and to 
obtain central limit theorems for additive functionals |E| of fractional Brownian motion. 

The current article proposes to take another step into the relationships between Brown- 
ian local time and stochastic analysis. Specifically, we shall handle the following problems: 

(1) One of the motivation alluded to in [T3] for the renormalization of 1? modulus of 
continuity of local times comes from the study of the Hamiltonian 






E^^{B) = f [Lt{x + h)- Lt{x)f dx= f f {6,+h{Bu) - 4(5„)) du 

which is involved in the definition of some non-folding polymers. However, one might 
wish to consider a slightly weaker repelling self-interaction of the polymer by introducing 
the following family of Hamiltonians indexed by 7 G (0, 1): 

n2 



dv 



dx. (2) 



H^'\B) =11 {\B, + X + h\-^ - \B, + x\ 
For this modified Hamiltonian, we shall prove the following limiting theorem: 

Theorem 1.1. Consider '^ G (3/4,1) and the family of Hamiltonians H^''^{B) defined by 
{Hf '^'{B)\ t G [0, 1]}. Then one has, as h tends to zero, 

^ -^ ^ Wo, (3) 



in the space C([0, 1];]R) of real continuous functions on [0,1]. In relation (j2]), Cy stands 
for a deterministic constant depending only on 7, a is the self-intersection local time of 
B, i.e. (formally) 

rt rv 

at:= dv du5o{B^- Bu), (4) 

JO JO 

and W is a standard Brownian motion independent of B. 

Apart from the physical interpretation of the Hamiltonian ([2D, which can be related 
to the definition of Brownian filaments (see [2] for a detailed definition of these objects). 
Theorem 11.11 exhibits an interesting phenomenon in terms of limiting behavior. Indeed, 
the reader can easily observe that the limiting process in the right-hand side of ([3]) does 
not depend on the parameter 7 in (3/4, 1), the only difference lying in the normalizing 
quantity c^ /i^/^"^"^. Furthermore, it was shown in [SI [13] that relation ([3D still holds true 
in the limiting case 7 = 1. This means that the process Wa, which can be seen as a 
Gaussian mixture, might also be considered as a rather canonical object. 



MODULUS OF CONTINUITY OF BROWNIAN LOCAL TIMES 



At a methodological level let us also mention that, contrarily to [5], our proof of Theo- 
rem [TTT] relies heavily on Fourier analysis techniques. This is obviously classical in studies 
related to local times for Gaussian processes, but we would like to stress the fact that 
those Fourier type methods will feature in a crucial way throughout the paper. 

(2) Go back now to the Hamiltonian H^[B) defined by ([T]) and related to L^ modulus of 
continuity of the Brownian local time. As mentioned above, it has been shown in ^ [13] 
that h~^^'^{H^(B) — E[H'^{B)]) converges in law to ciWa for a universal constant ci, 
that is relation ([3]) is still formally satisfied for 7 = 1. This non central limit theorem 
indicates that an interesting phenomenon might occur as far as limiting behavior of the 
renormalized quantity h~^^'^{H^{B)—E[H'^(B)]) on chaoses is concerned. We shall specify 
this with the following result: 

Theorem 1.2. Let {H^{B); t G [0, 1]} be the process defined by ([T]). For a given random 
variable F G L'^{Q) we set Jn{F) for the projection of F on the n*'^ chaos of B, and 
subsequently define X^' = Jn^HJ^^B)). Then 

(i) For all m > and all t G [0, 1], h > we have Xj™ ' =0. 
(ii) For all m > 1 we have, as h tends to zero, 

^""'' W. , w ...... ,2 _ c(2m-2)! 



0"™ W, with at 



/i2[ln(l//i)]V2 "^ ' ™ 22™[(m-l)!]2' 

where W stands for a Brownian motion independent of B and where the convergence takes 
place in the space C([0, 1]; M) of real continuous functions on [0, 1]. 

(iii) In particular, the series Y,m>i ^m ^'-^ divergent. 

Putting together the results of [5] and our Theorem 11.21 we thus get the following 
picture: on the one hand one can renormalize the process H'^^B) by h^^'^ in order to get a 
limit which is a mixture of Gaussian processes (a non central type limit theorem). On the 
other hand, each projection Jn{H^{B)) can be properly renormalized (by h'^[lD.{l/h)Y^'^) 
so as to obtain a limiting object which is a weighted Brownian motion (corresponding to 
a central limit theorem). Nevertheless the sum of the weights a^ obtained by projection 
is divergent. To the best of our knowledge, this interesting limiting behavior is exhibited 
here for the first time. 

(3) Finally we consider a suitable generalization of Theorem II. 21 to a 2-dimensional Brow- 
nian motion B. Namely, we shall obtain the following convergence result: 

Theorem 1.3. Let {H^{B); t G [0, 1]} be the process defined by ([T]), for a 2-dimensional 
Brownian motion B. Like in Theorem \1.2\, we define X"' as the projection on the n- 
th chaos of H^{B). Then the assertions (i)-(iii) of Theorem li.j^ are still valid in this 
situation, with (ii) replaced with the following statement: 

(ii-2d) For all m > 1 we have, as h tends to zero, 

Y2'm,h , ,, 
— TTl > ^m W, 

\n\ 

where W stands for a linear Brownian motion independent of B, where the exact expres- 
sion of am will be specified at Section \4-^ and where the convergence takes place in the 
space C([0, 1];M) ofR-valued continuous functions on [0, 1]. 
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It is worthwhile noting that the equivalent of the main result of |6j, namely the con- 
vergence in law of a suitably renormalized version of H^{B), is not available in the 2- 
dimensional case. Indeed, one can formally show that \h\~'^{H^{B) — 'E[HJ^{B)]) converges 
to a random variable of the form C2Wa, with a defined by (jl]) and a universal constant 
C2- Nevertheless, a is a divergent quantity in the 2-dimensional case and the convergence 
of h-^/^{HJ}{B) - E[HJ}{B)]) is in fact an empty statement. 

In spite of this lack of convergence, the analysis of projections on chaoses is still a 
valuable information for two main reasons: (a) It indicates that a sort of convergence is 
at least possible for H^{B). (b) We are able to show that the series Y.m.yi ^m i^ divergent 
just as in the 1-dimensional case, which seems to indicate that a non central limit theorem 
is to be expected for the quantity (iff (5) - E[iff (5)]). 

The methodology we have followed in order to get the results mentioned above is based 
on 3 main ingredients: (a) Stochastic calculus is obviously important in this Brownian 
context, and Ito formulae of backward type are invoked in order to control terms of 
the form j^ e'^^^^^~^^^du (throughout the paper, we will write i for the complex number 
(—1)^/^). Theorem [TTT] will also be a consequence of limit theorems for martingales accord- 
ing to the behavior of their bracket process, (b) An important contribution comes from 
stochastic analysis techniques: our chaos decompositions are obtained through repeated 
applications of Stroock's formula and we use representations of Brownian local times by 
means of Watanabe distributions. We also derive central limit theorems on chaoses by 
analyzing contractions of kernels for multiple Wiener integrals, as assessed in (TUIIII]. (c) 
After application of the high level tools mentioned above, our results are reduced to rather 
elementary (though intricate) computations, for which we resort to Fourier analysis and 
thorough analysis of singularities for integrals defined on simplexes. All those ingredients 
are detailed in the corresponding sections. 

In the remainder of the paper, each section is devoted to the proof of one of the 
Theorems given above. Specifically, Section [2] handles the non central limit Theorem 11.11 
for Riesz type potentials. SectionEJis concerned with the central limit Theorems 1 1 . 2 1 for L^ 
modulus of 1-dimensional local time on chaoses, while Section H] deals with generalizations 
(Theorem 11.31) to the 2-dimensional case. 
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This section is devoted to the proof of Theorem 11.11 We shall first reduce our problem 
thanks to an application of Clark-Ocone's formula, and then identify the limiting process 
with a combination of Fourier analysis and stochastic calculus tools. 

2.1. Reduction of the problem. In order to proceed with our computations, let us 
first settle some useful notation: 

Notation 2.1. The Gaussian heat kernel on M is denoted by pt{x), namely 

Mz) = (27r)-i/2 exp [ -^ j , zER. (5) 
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For (3 e (0, 1), we call /^ : M* -^ R* the function defined by ffs{x) = |x|~'^. For (5 G (0, 1) 
and Q <r <t <1, we also consider the quantity 

Qlf = f ds r du \Kl^r{Br -Bu + h) + Kl,{Br -Bu-h)- 2KtriBr - Bu)] , (6) 

Jr Jo '- J 

where K^ stands for the (convolved) Riesz kernel K^ := /^ * p'^ for all u > 0. 

With these notations in mind, the Hamiltonian H^ '^{B) can be expressed as follows: 
Lemma 2.2. For t G [0, 1], consider the quantity H^ ''^(-B) defined by ([2]). Then 

H^^^iB) = c, f [2/^(5, - 5J - fp{B, -B^ + h)- fp{B, -B^- h)] dudv, (7) 

with /3 = 27- 1. 

Proof. Start from expression ([2]) and write H^ '^(-B) as 

/ / [f-yiBj; + X + h) — f.y{B^ + x)] \f-y{Bu + X + h) — f^{Bu + x)] dudv dx. 

Next expand the product inside the integral, apply Fubini in order to integrate with 
respect to the variable x first and apply the identity f-y* f-y = c^ f2-y-i- Our claim is easily 
deduced from these elementary manipulations. 

D 

We shall now see that Theorem 11.11 can be reduced to the following: 

Theorem 2.3. For every /3 G (1/2,1], consider the process Q^'^ defined by i^. Then 
the following limit as h tends to zero holds true in the space C([0, 1]; M) of real continuous 
functions on [0, 1].- 

j^^c^Wa, where Q^ := J^ Qt^ dBr. (8) 

Here, Cfs is a deterministic constant depending only on (3, and the process Wa has been 
introduced at equation ([3]). 

Proof of the equivalence between Theorem \l.l\ and Thorem [^7M Following expression ([7]), 
set 

iff (5) = - / [2fp{B, - Bu) - f^{B, -Bu + h)- fp{B, - B^ - h)] dudv. 

Then Lemma 12.21 asserts that Theorem 11.11 is proved once we can show that the process 
/j- (7/2-27) (^^/3(^^-) — E[H^(B)]) converges in law to c^ Wa for a strictly positive constant 
cp. It is obviously easier to express everything in terms of /3 = 27 — 1, so that we are 
reduced to show that h~^^/'^~'^\H^{B) - E[/7^(i?)]) converges in law to C/3 W^- It should 
also be observed that if 7 G (3/4, 1) then /3 lies into (1/2, 1). 

Now along the same lines as in J5j, a direct application of Clark-Ocone formula enables 
to express HJ[{B) in the following way: 

iff (5) - E \h,^{b)] = fq'ifdBr, 
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where the process Q^'^ is defined at Notation 12.11 This finishes the proof of our equiva- 
lence. 

D 

With this equivalence in hand, the remainder of the section is now devoted to the 
proof of Theorem 12.31 As mentioned in the introduction, our strategy to show this result 
makes use of some convenient simplifications offered by a Fourier-transform version of the 
problem. As a last preliminary step, let us thus write an alternative expression for the 
quantity Qtf- 

Lemma 2.4. Let /3 E (1/2, 1) andO<r <t<l. Then 

vr JR [^ ^ l^l'^ P JO 

stands for the function defined by ipiC,) '■= sin^(^/2). 



Qt'r 



S{Br~B^)^, 



u 



di, 



(9) 



where ?/' : M — > 

Proof. It is well known that for all x G M* we have 



h b'^'w-^^''-^ '^- 



Plugging this identity into (jH]) and applying Fubini's theorem we get 



I 

'2^ 



' ds 



from which identity (jH]) is easily deduced. 



di. 



u 



We now start by identifying the main contribution in the quantity /q Q^f dB^ appearing 
in ([H]) by means of our Fourier representation ^. 

2.2. Elimination of some negligible terms. The first term which might yield a negli- 

gible contribution in Q is given by the small exponential term e 2 in expression ([9]). 
We thus set Q\f = Q^'^'^ - A^^, with 



Q 



h,(5,l 



A^ 



t,r 






^(/^O 



e 



lel 



3-/3 



e<(Br^B^)d. 



u 



di 



e 2 



eit^r) 



i^m 



e 



lei 



3-/3 



Jo 



d^. 



(10) 
(11) 



Then the following proposition identifies a first vanishing term: 

Proposition 2.5. Let A^ be the process defined by (lll|) . and for t G [0, 1] set 

1 /■* 
^t '■= /^5/2-/3 /q Kr dBv 

Then we have: 

(i) For every fixed t G [0, 1], A^ — > in L'^{Q) as h tends to zero. 

(ii) There exists p> 1 and a > such that for all < s < t < 1 and every h G (0, 1), 



E 



A'^ - A': 



2p 



<Cp/i2^(^-^)|t-s|^+", 
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for some constant Cp depending only on p. 

(iii) As a consequence, we have A^ — > in C{[0, 1];M.) as h tends to zero. 

Proof. Let us prove the three items separately: 
(i) Consider a given t G [0, 1]. One has 



E 



[/ /■* , 


\ 


2" 


/ Ar 


dBr 


) 


[\Jo 


J 





2 dr d^ drj dv du 

Jo Jk Jr Jo Jo 



Furthermore, for u < i; < r < t we have 



13-/3 



E 



,i{£,+ri){Br-B^)+fn{B^-B^) 



< E 



A^+-n){Br~B^)+i'n{B^-Bu) 



^-^^^{r-v) ^-\{v^u) < ^-\{v-u)_ 



Now integrate this inequahty in u and invoke the fact that il){z) < cz^ in order to get 



E 



f A^dsX <ch^ fdr Tdv f dU dvil^i^.v), (12) 

Jo / Jo Jo Jr Jm. 



where 



Cvi^,v) = e 



-UHt-r)^-W(t-r). 



leP 



\V 



2-/3 



{l-e-*-}. 



To see that the integral in the right-hand side of fll2p is indeed finite, observe first that 



1+/3 



/r6 ^^ \^\^ d^ = C/3a 2 for any a > and (3 G (0, 1). Thus 



\t — r\ 2 



Jr J-1 Jr J-i 

<cl die-"^^"^'-'\f< 
Jr 

In the same way, since (5 G (0, 1) we also have 

I dd rfr/<,„(e,r^) < c / |r^|-(2-/^)rfr/ / e-'^^'^'-^^ d^ < ^. 

Jr J\'n\>i "'l'7l>i "'K t — r^ 

Plugging these estimates into (TT^ and taking into account the fact that /3 G (0, 1), we 
end up with 

~ rt . \21 - rt dr 



E 



/* Al dBr) < ct,p h^ f ^ < ct,p h\ 

Jo ' J Jo \f — r\^r 



\t — r\ 2 
which yields our first claim (i). 

(ii) In order to bound the increment A^ — A^, set k^^tiC) •= e~2^ ^tp{h$^) u\3-$ - Then it is 
readily checked that 



Ah _ Ah — 



+ 



^ J^ dBr ^ d^ kH,t~r{i) [^ e^^^^'-^-^rfM 



/i5/2-/3 Jo 



dBr [ di [fc,,t_,(0 - fc,,,_,(Ol / e^^^^-'^-^du := A'lj + A^^f. (13) 
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Th,l 



Consider first Ag'^ and write 



^M = j;E7^ [ Ht,r dBr, with Ht,r ■= ^ d^ h,t-r{0 [ e^^^^'-^^^rfw. 
By using successively Burkholder-Davies-Gundy and Cauchy-Schwarz inequalities, we get 



E 






< 



/^{5-2/3)p 



E 



U |2P 



- Y 



(14) 



with 

E 

which can also be expressed as 



Iff |2P 

|-nt,r| 



dC.1--- dC,2p / dui--- du2p n h,t-r{Q E 

J0<Ml<...<M2p<»' ,_]^ 



grC,(i?.-B„^) 



E 



W |2p' 



Cr, 



d^l- ■ ■ d^2p / C?Ml ■ ■ ■ dU2p 

Jo<ui<...<U2p<r 

2p 



We can then rely on the uniform estimate 



|fc,,t-.(6)l<c/iV^«?(*-^)|e/<c. 



h^ 



t — r 



(3/2 ■' 



and the fact that 



JR JR JM 



Cp {U2 - u,)-'/'{us - U2)-'/' ■ • • (r - U2pr'^' 



in order to get 



E 



I n |2p 



< 



c„ /i^P rP 



It - r|/^P' 



Plugging this estimate into flT^ we end up with 



E 



A'^'lM <c„/i2p('5-i/2)|t-s 



(1~/3)P 



(15) 



l/i,2 



The bound for A^'j can be derived from a similar procedure. Observe for instance that 

\h,t-r{0 - Ks~rm < h' |e-^«^(*"^) - e^^«^(— )||e|^ <ch'\t-s\^\s- r|(^-)/^ , 

and invoking this bound for e := (1 — /3)/3 one obtains that inequality (I15j) also holds 
true for A^'^ . Going back to (TT^ . we see that the bounds on A^'^ and A^'j easily yield 
our claim (ii). The assertion (iii) is now a standard consequence of (i) and (ii). 

D 
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Let US go back to expression Q, as well as the decomposition f TTUl) and flTTl) for Q^'^ . 
Proposition 12.51 allows to reduce our study to an analysis of Q^''^'^ defined by Qt = 
^-(5/2-^) j^ Q^'l^'^ dBr, where Q'^'^'^ is given by flTUl) . In order to identify another negligible 
term within Q^'^'^, let us resort to Ito's formula applied to the (backward) Brownian 
motion B"^ = {B ,. — B u', < m < r} and f{x) := e*^^. This gives 



e<iBr-B^)du 



2 (e<^ 






and plugging this identity into (TTUj) we get Q'^''^'^ = D^ — Q^''^'^, with 



D";: 

Q,'''^'^ 



TT 






(e«?B. _ ^j 



d^ 



(16) 



;i7) 



vr 7r f 3-/5 Jo 



dC 



We now prove the following Proposition: 

Proposition 2.6. Let D^ be the process defined by 0171) . and for t G [0, 1] set 

1 



D^ ■ = 



D: dBr. 



Then the conclusions of Proposition \2.5\ hold true for D^ . 

Proof. The proof goes along the same lines as for Proposition 12.51 and is left to the reader 
for the sake of conciseness. Let us just highlight the following decomposition: 



E 



D^ 



<ch'^-' / E2 
Jo 



B. 



dr 



1 d^ 



+ ch^^- 



d^ 



which allows us to conclude that \im.h-^o^[{D 



^?] 



since 1/2 < /3 < 1. 



D 



Remark 2.7. With Proposition 12.51 and Proposition 12.61 in hand, Theorem 12.31 now boils 
down to the following property: 



M^ (d) 



csWa inC([0,l];M), with M^ := ( Q''/^'^ dBr 

Jo 



where Q^'^'"^ is the process defined by (1181) . It should be observed that M^ is now a 
Brownian martingale, for which specific limit theorems are available. 

2.3. Study of the martingale term. Our strategy towards fITIJl) is based on the mar- 
tingale argument summed up in [31 Theorem A.l]. Using the latter result, the proof of 
(TT^ reduces to showing that, as h —^ 0, we have simultaneously 



{M\B)t ^ ^ {M^)t 



in L'^iyt) for every fixed t G [0, 1]. 



— > and 



/^5-2/3 



-^ cpat 



(20) 
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To this aim, let us start by recasting M^ in a suitable way. Indeed, thanks to a 
stochastic Fubini theorem we have: 



/,5/2-/3 ^ J 9h{,Br - Bu) dBl, (21) 

where 

9k = 9l-=Hh), with A(0 = /f (0 := ^|P§- (22) 

In the course of the reasoning, we shall appeal to the following key properties of Qh'- 

Lemma 2.8. It holds that: 

(i) For some cp independent of h, we have j^gh{xY dx = c^ > 0. 

(ii) Recalling that pt stands for the Gaussian heat kernel defined by i^, we have for every 
te{0,l]: 

g/^/3-1/2 

gh{x)pt{x) dx < —^^j^—- (23) 

(iii) The function gh can also be written as 

, , c r^^ (^ - la; - y|) , , ^ 

In particular, gh{—x) = gh{x) and gh{x) > for all a; G M. 

(iv) For every e > such that (3 > 1/2 + e, every h < 1/4 and every \x\ > \/h, 

gi{x)<ch^''gt\x). (25) 

Proof. By Fourier isometry, 

which gives (i). In order to prove (ii) use Fourier isometry again, which according to 
yields 

c f ■>i>m .-'4. .. ^ .. ,.3-m f <=-'* .. ^ '=1^'-'" 



U^)n(,) ,,^^l^^e-^^<. ,/-./^ IL^,^< 



/l5/2-/3 7m |^|3-/3 -^ - 7k |^|1-/3 "^ " t/3/2 " 

For (iii), observe that 

f,iO = h'/MhO, with ^{u) '^^"'^"^ 



lull- 



where the sine function refers to sinc(x) = ^HH£i_ Thus, using the fact J-'(sinc^(-))(^) 
l[_i,i](0(l-|el),weget 



9h{0=J'ifhm = iLH^)^^ 



c /-l+i dy 



/ii/2 ^^\hj /iV2 



/ii/2 7i-i \y\^ 
which clearly leads to 



h. 



1- 



h y 
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Now we can use (1241) in order to prove (iv): for x > \/h, write 

^^^ ' h^/^-(i^-^Ux~h \y\^\y\^-^ \x-h\^ - ^ ^^ 

since \x — h\ > \\/h. By symmetry of g^-, this finishes our proof. 



D 



Let us develop now the strategy for the convergence of the martingale term, which has 
been summarized in (1201) . We shall prove the first claim of fl20p . namely: 

Proposition 2.9. For allt G [0, 1], the martingale term M^ satisfies 



E 



{M\B)t 



^5-213 



< Q h^-'^', 



where Ct is a uniformly bounded function of t E [0, 1]. 
Proof. According to (TT^ and ([21]), one has 

/^5/2-/3 - /^5/2-/3 - j^ ^^Jo dB^gh{Br - B^). 



Hence 



E 



{M^, B) 



h D\2 

t 



/^5-2/3 

and furthermore 



2 / dri /'' dr2 r du^gh^Br, - B.,)gh{Br, - B,] 
Jo Jo Jo L 



E 



ghiBr, - Bu)gh{B.,.z -By) = E ^f;, * ^^^^^^(E,.^ - Bu)gh{B.,.z - By) 



d^ [gh * Pri-r2](0 9h{C)Pr2~u{C) < c\\9h * Pn-r^ 



hP-1/2 



' I ' 

V^2 -U 

thanks to ([23D- In addition, \gh * Vrx-r-Aoo < ||5'ft||L2|bri-r2llL2 < c|ri — r2|~^/^, and thus 



E 



{M^,B) 



/^5-2/3 

from which our claim is easily deduced. 



<ch^~^''^ I dri / dr2\ri — r2\^^'^ / du\r2—u 
Jo Jo Jo 



-1/2 



n 



Before we proceed with the proof of (l2Up . let us label a technical lemma on Brownian 
local times: 

Lemma 2.10. Let {Lt{a)] t G [0, l],a G M} he the local time process of Brownian motion 
on the interval [0, 1]. Then there exists e > and a strictly positive constant c such that 



sup E[|Lt(x + i?t)p] < c, and sup E 

xeK,te[o,i] te[o,i] 



sup \Lt{x) - Lt{y)\' 

\x-y\<h}/'^ 



< ch^. 
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Proof. By applying Tanaka's formula to the backward Brownian motion ]3, we get, for 

all X eR, 

ft 



\Ux + Bt)\ < 2\Bt\ + 2 



'^{Bl<~x}(^^s 



(26) 



and the first assertion immediately follows. The second assertion of our Lemma can be 
derived from [1, item (ii)]. 

D 

We are now ready to prove the second part of assertion (I2(J|) , that is 
Proposition 2.11. Let t be an arbitrary time in [0, 1]. Then we have: 



L'^{n) - lim 



(M'^)t 



C/sat, 



(27) 



where a is the self-intersection local time defined by (jlj). 

Proof. Let us start by applying again the backward Ito formula 016p in order to get the 
decomposition 

\ 2 



{M^)t = f'drl r dBl g.iBr - 5.J ) := N^'' + <'' 



\ Jo 



t 1 



with 



N, 



hA 



m 



h,2 



10 JO 

We shall now divide our proof in two steps. 

Th,2 



dr / du [gh{Br - B^)] 

JO 

2 /* dr r dBl (g^iBr - 5j / dBl gn{B,. - B, 



h,2 



Step 1: N ' vanishes as /i — )■ 0. Specifically, we shall prove that L (Q) — lim/i^o -^t ' = 0. 
Indeed, it is readily checked that 



J dr J^ dBl ( gn{Br - B^) / dBl g^iB,. - B^ 



t rt rt 



E 



= 2 ds du dri rfrg E gh{Br, - Bs)gh{Br, - Bu)gh{B,.2 - Bs)gh{Br^ - 

Jo Js Ju Ju '- 

Furthermore, using the fact that gn is positive (Lemma 12.81 item (iii)), we have, for fixed 
< s < M < r2 < ri < t. 



E 



gh{Br^ — Bs)gh{Br^ — Bu)\J^j 



r2 



gh{x + Br^ - Bs)gh{x + Br^ - Bu)pr^-r2{x) dx 



^ lbn-r-2lloo||5'/i||L2 < 



a/^1 - '^2 



where we have used Lemma [2.81 item (i), and 



E 



gh{Br2 — Bs)gh{Br2 — Bu] 



E 



gh{Br^ - Bu){g * Pu-s){Br2 ~ B^) 
gh{x)Pr2-u{x) dx 

/,/3-l/2 



< \\9h*Pu-s\\c 



^/r2 -u 
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with the help of Lemma [2.81 item (ii). Going back to (I28p . the result easily follows. 
Step 2: Limit of N^'^ . We will show the following property: 

/ dr r du [gh{Br - B^)f ^^ c« / rfrL,(5,) in L^(fi), (29) 

Jo Jo Jo 

where Cfs is the constant defined at Lemma I2.8[ To this aim, observe that according to 
the occupation density formula we have 

Ah ■= dr du [gh{Br - B,^)f - Cf^ dr Lr{Br) = i Zr{x) dx] dr, 
Jo Jo Jo Jo \Jm. j 

where Z is the process defined by 

Zr{x) = gh{Br - xf Lr{x) - Lr{Br 

Next we decompose A/j as /S.\ + A^, where 



Ai 



/ ZJx) dx dr, and A? — , , , ^^ 

\J\X-Br\<h^/'' Jo \J\X-Br\>h^/'^ 



Zrix) dx dr. 



We now estimate those two terms separately. 

The term /S.\ can be bounded as follows: owing to Lemma [2.81 item (i), we have 



Ajj ^ c sup \Lr{x) — Lr{y)\ dr. 

Jo |T._„|^hl/2 



\x-y\<h''-/ 



Owing to Lemma 12.101 we thus get 



E 



lAiP 



< c sup E 



<c/^^ 



sup \Lt{x) - Lt{y)\'^ 

t6[0,l] l\x-y\<h^/^ 

for some constant e G (0, 1). 

As far as A\ is concerned, invoke Lemma 12.81 item (iv) in order to conclude that for 
any e > such that (3 > ^ + e and every h < 1/4, we have 



E 



lA^r 



<ch' E 
Jo 



x--_B,.|>/ii/2 

t 



\gt\x-Br)\^\Lrix)~Lr{Br)\ dx 



<ch' f E f \gt'{x - fi,)r \Lr{x) - L,(5,)|^ dx 

Jo UR 



dr 

dr < ch"^. 



where we have appealed to Lemma [2.101 for the last inequality. 

Step 3: Conclusion. Putting together the bounds on A\ and A|, we have proved our 
assertion (12^ . which easily yields 

In order to prove flTTI) . we now just have to observe that 

/ Lr{Br) dr = ( 5b,{Bu) duj dr = ( So{Br - 5„) duj dr = at. 

This concludes our proof. 

D 
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3. L^ MODULUS OF 1-DIMENSIONAL LOCAL TIME ON CHAOSES 

In this section, we go back to the study of the L^ modulus of the Brownian local time, 
that is to the study of the quantity H^{B) defined by ([T]) with the global aim of proving 
Theorem II. 2[ Before we go on with the proof, let us introduce some additional notation: 

Notation 3.1. For any t > and n > 1 we write S^ for the simplex of order n on [0, t], 
i.e., SI' = {(ti, . . . ,tn) E [0,t]"' : ti < . . . < t„}. For every n > 2 and every h > 0, we 
also define a function $/j(ti,t2) os 

Mti,t2) = ^h,n{ti,t2) := / pi'^-SivKh -y)dy , < ti < t2 < t. 

From the classical uniform estimate supygjg \pi {y)\ < Cmt""^"^ , we can already derive 
the following bounds on ^h,2m, which will be used in the course of our reasoning: 

Lemma 3.2. Fix m > 1. Then there exists a constant c^ such that for every h G (0, 1) 
and all < ti < s < t < t2, one has 



1 



|$M™(s,t)|<c„/i2|t-sr'"+^ (30) 

and for any A G (0, 1), 

|$/x,2m(tl, t) - $/x,2m(tl, s)\ < C^h^ \t - s\^ \s - tiP'"+5-^ ^ (31) 

|$h,2m(t, t2) - $/^,2m(s, t2) I < Cmh^ \t - s\^ 1^2 - ^1"'"+^"^ . (32) 

The proof of Theorem 11.21 is decomposed in four main steps: after some preliminary 
material, we write an explicit chaos decomposition for each H^{B). Then we study the 
asymptotic behavior of the variance in each chaos, and the central limit theorem for the 
finite-dimensional distributions of Jn{H^{B)) is obtained by analyzing the contractions 
of its sequence of kernels. Finally, we study the tightness of the process {Jn{H^{B)); t G 
[0, 1]} properly normalized. 

3.1. Stochastic analysis preliminaries. We will consider here the Brownian motion 
B as an isonormal process B = {B{h); h G Ti} defined on {fi, T , P), with "H = L^([0, 1]). 
Recall that it means that i? is a centered Gaussian family with covariance function 
Y^\B{h\)B{h2)\ = {hi, h2)n- We also assume that J-' is generated by B. 

At this point, we can introduce the Malliavin derivative operator on the Wiener space 
{Q, Ti, P). Namely, we first let S be the family of smooth functionals F of the form 

F = /(i?(/ii),...,5(M), 

where /ii,...,/i„ G Ti, n > 1, and / is a smooth function having polynomial growth 
together with all its partial derivatives. Then the Malliavin derivative of such a functional 
F is the "H-valued random variable defined by 

VF = J2-L{B{hi),...,B{h^))hi. 
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For all p > 1, it is known that the operator V is closable from U'{VL) into L'p{VL\ l-i). We 
still denote by V the closure of this operator, whose domain is usually denoted by D^'^ 
and is defined as the completion of S with respect to the norm 

||F|K,,:=(E[|Fn+E[||PFr^])F. 

We shall also denote by D°°'P the intersection nfc>i]rD^'^. 

Consider the n^^ Hermite polynomial Hn defined on R, that is 

f — T)" 2 2 

H^{x) = ^-^ e'T d^e-^T ^ (33) 

n\ 

and let l-Ln be the closed linear subspace of L'^iQ) generated by the random variables 
{Hn{B{h))] h E 7i, \\h\\y^ = 1}. Then Hn is called Wiener chaos of order n, and L'^{Q) 
can be decomposed into the orthogonal sum of the Tin- we have L^(f2, J^, P) = (B'^^o'Hn 
(see 121 Theorem 1.1.1]). In the sequel we denote by Jn{F) the projection of a given 
random variable F G L^(fi) onto l-Ln for n > 0, with Jo{F) = E[F]. In this context 
Stroock's formula (see [13]) states that, whenever F G D°°'^, one can compute Jn{F) 
explicitly as follows for n > 1: 

Jn{F) = InUn), With fn{h,...,tn) = ^^'^'\''"^\ (34) 

nl 
where Inifn) stands for the multiple Ito- Wiener integral of /„ with respect to B. We also 
label the value of if2m(0) here for further use: for m > 1 we have 

^-(0) = ^- (35) 

Let now /„ be a symmetric function in -^^([0, 1]"). The contraction of order p of /„ is 
the function defined on [0, 1]2("~p) as follows: 

[fn ®p fn] [tl, ■ ■ ■ , t2{n~p)) 

= / fn{Ul, . . . , Mp, tl, . . . , tn-p) fn{Ul, ■ ■ ■ ,Up, t„-p+l, . . . , t2(n-p)) dUi ■ ■ ■ dUp. (36) 

J[Q,1]P 

With this definition in hand, let us state the following theorem (borrowed from [ID]), which 
will be crucial in order to establish the convergence of our renormalized local times: 

Proposition 3.3. Let {Fh = In{fn,h)', h > 0} be a family of random variables belonging 

to a fixed Wiener chaos Hn, for which we assume that the kernels fn.h o,re symmetric. We 

also suppose that 

(i) We have \imh^o'E[Fl] = ct^ > q. 

(ii) For all p E {1, . . . , n — 1} the relation Imih^o \\fn,h ®p /n,h||-H®2(n-p) = holds true. 

Then Fh converges in law to a Gaussian random variable 7\/'(0,o"^) as /i — )■ 0. 

In order to obtain convergence in law for processes we shall also invoke a CLT for 
multidimensional vectors in a fixed chaos, originally proved in [llj : 

Proposition 3.4. Consider a family of d- dimensional random variables {Fh\ /i > 0} with 
Fh = {F^, . . . , F^), such that Fl belongs to a fixed Wiener chaos l-Ln for each j G {1, . . . , rf} 
and h > 0. Suppose furthermore that for a symmetric matrix T we have: 
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(i) Each Fl converges in law to a Gaussian random variable A/'(0, F («,«)) as /i — ?■ 0. 

(ii) For each {i,j) G {1, . . . , rf}^ one has limft^oE[F^F^] = T{i,j). 

Then F^ converges in law to a Gaussian random variable Af{0,r) as h ^ 0. 

3.2. Chaos decomposition of H^(B). In order to compute the chaos decomposition of 
H^{B), we first recall a relation taken from [^, whose proof is similar to our identity ([7]): 
we have 

HJ^iB) = f [5oiB, -Bu + h) + 6oiB, -B^-h)- 25o{B, - B^)] dudv, (37) 

where we recall that So{B^ ~ B^ + h) has to be understood as a distribution on the Wiener 
space. 

Let us also give an elementary yet useful lemma: 

Lemma 3.5. Let pt be the Gaussian kernel defined by (0), and N be a real valued random 
variable such that N ~ M{h, a^) with h eM. and o"^ > 0. Then for all n > we have 



E 



.(")^ 



An) 



Pr{N) =pTMh)- (3^ 



Proof. Taking into account the analytic form of expected values with respect to A^, we 
have E[pj (A^)] = [pi *p„2\{h). Furthermore, elementary relations for convolutions and 
the semi-group property for p yield: 

(n) r i(n) in) 

Pt *Pa2 = [Pt * Pa^r = Pt+U^ 

from which relation fl55]) is easily deduced. 

D 

Recall now that the projection Jn{F) of a L^ random variable F onto a fixed chaos "H^ 
has been defined at Section IXTl For our Hamiltonian H^{B) we get the following: 

Proposition 3.6. For every n > 1 and every h > 0, recall that we have set X"' = 
Jn{H^{B)) for the projection of H^{B) onto the n-th Wiener chaos. Then we have 

1 fi 

X^''' = ifn is odd , Xt'^ = — j-/„((A + 9h,t) ■ l[o,t]") if n is even, (39) 

where fh € L^(]R"), g^t G L^([0,t]") are the symmetric functions defined by 

fh(ti, ...,tn):= $h(min(ti, . . . , t„), max(ti, . . . , t„)), (40) 

gh^tih, . . . , t„) := -<l>/,(min(ti, . . . , t„), t) + <l>h{0, t) - $;,(0, max(ti, . . . , t„)), (41) 
and where we recall that the function $/j has been defined at Notation \3.1\. 

Proof. We divide this proof in two steps: 

Step 1: Gomputation of the projection. Let us first compute the chaos decomposition 
of So{B^ — Bu + h). To this aim, recall that, as a distribution on the Wiener space, we 
have 5f){B.u — Bu + h) = \im.s^o p^{Bv — Bu + h) for the Gaussian kernel Pe defined at ^. 
Furthermore, according to Stroock's formula (IMI) we have Jn{pe{By — B^ + h)) = Iniffi) 
with 

yp^(ti, . . . ,t„) = -E [Vt,_t^p,{B, -Bu + h)] = -E [p(")(5, - 5„ + h)] n lM](t^). 
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We now compute E[p^"\Bv — Bu + h)] by means of formula (1551) . which yields 



Vnit 



An) 



, N, _ Fv-u+e\"') TT 1 
1, • • • , tnj — , J_J_ i-[u,v 



iu). 



Taking limits as e — > we end up with Jn{So{By — B.^ + h)) = Ini'^n), where 



iPnytl, . . . ,tn) 



n\ 



11 1 [«,»;] (^j 



i=l 



The same kind of computations is valid for ^^{By — B,^ — h) and So{By — By) and thus 
going back to fITTI) . we have obtained: 



n\ 



x:^' = uHi\B)) = / J / n i[,_,j(t,) pf\[h) + prj„(-/i) - 2pfiM 



^2 



In) 



An) 



dudv 



where we recall that S"^ stands for the simplex of order 2 on [0,t] (see Notation 13. 1|) . 
Moreover, observe that PyAu{h) + Pylu{—h) — 2pj,_„(0) = when n is odd, which yields 
the first claim in (I39p . Therefore only even ns are considered from now on. 

Step 2: Simplification of the expression for the projection. Notice first that, since we are 



^n,h 



dealing with a linear Brownian motion B, one can write X^ ' as 

n M^Mi^i) K-«(^) + P^v'-ui-h) - 2p^^ly{0)] dudv dBt^ ■ ■ ■ dBt^^ 



^n,h ^ 2 



sr vsf 



i=l 



ti ft 



S" \J0 Jtn 



[pM(/i) + p1"U-^) - 2pM(0)] dvdu) dBt, ■ ■ ■ dBt„. 



(42) 



Let us transform now the expression py_y{h) + Pv-!u{—h) — 2p"^u(0). First, since n is an 
even number and p is symmetric, we have 



An) 



An) 



An) 



p':uh) + p':^u{-h) - 2pr„(o) = 2 p':\{h) - p':iM 



An) 



An) 



Then write 



P^JuW - p^^Jui^) = I pTX'' {x) dx = / p^^^y\y) dydx = 2 / dyp^^\{y) dydx , 

Jo Jo Jo Jo 



>+l), 



which yields 

rti 



An) 



p':iu{h) - p':iM 



(n) 



du I dv 

Ji„ 

2/ du dx dy\pt-u{y)~pt^~u{y) 



t\ rt rh rx 

2 / du dv dx dy dyp^^Ju{y) 
Jtn Jo Jo 



An) 



An-^)l 



-4 



Jo Jo 

4/ du dx I dy dupT-'u' iy) ~ dupZ-tl {y) 
Jo Jo Jo ^ 

'' ' ("-2)^.,^ _Jn-2)., _ Jn-2) 







(n-2) 
■u 

(n-2) 



Pt-h (y) - Pt„~t!iy) - Pt iy)+Ptn (y) ih-y)dy. 



Plugging this expression into fH21) and symmetrizing again, relation (I39p easily follows. D 
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3.3. Asymptotic behavior of the variance. In this section we compute the correct 
amount of normalization needed for the convergence of each X^'"' = J2m{Ht{B)) for 
m > 1. This will be obtained thanks to an asymptotic analysis of the variance of those 
random variables and recall that we have shown that X^™"' = 72^/2m((/ft+fi'/i,t)-l[o,t]2'"), 
which means in particular that 

IQ2 

E[^X("' X^""' J = — ry((/ft + gh,t) ■ l[0,t]2™, ifh + gh,s) ■ l[0,s]^rn) ^2(^2rny (43) 

Our aim is to prove the following: 

Proposition 3.7. Fix m > 1. Then for all < s < t < 1, it holds that 



E 
lim 



y2m,h y2m,h 



2 . ....-,1. _2 c (2m - 2) 



— ,.,//, N CTm -5 with (T.„ = -^ — -rr; (44) 

h^o hnn{l/h) "" "" 22™[(m-l)!]2 ^ ^ 

for some strictly positive universal constant c. 

The strategy for the proof of Proposition 13.71 is rather simple. Namely, with the ex- 
pression (I43p in mind, our calculations will be decomposed into the following facts: 

• The norm ||5'/i,t||i2(ro tiam) is of order at most h'^ as h tends to 0, and thus is negligible 
with respect to h^ln{l/h). 

• The quantity {fh ■ l[o,t]2m, fh ■ 1[o,s]2'")l2(r2'") scales as in relation (jUj). 
Let us thus start by identifying the negligible terms: 

Lemma 3.8. Fix m > 1, and recall that for every t > 0, gh,t = 9h,t,2m is defined by (HT1) . 
Then there exists a constant Cm such that for every h > 0, 

<Crr,.h\ 



''2m 



sup ||fi'h,t||L2(fO,tl2'") 

te[o,i] 
Proof. Write 

II l|2 

= (2m)!/ \^h{tut)-<!>h{0,t) + ^h{0,t2m)ydti---dt2 

Jg2m L J 

< cJ I {t-t,f^-^^f,{t,,tfdt,+t'^^t,{Q,tf+j tlZ-'^f,{QMmf dt2m 

and the bound is then easily derived from (15U]) . 

We can now turn to the proof of the main proposition of this section: 
Proof of Proposition \3.7[ Thanks to Lemma 13. 8^ we only have to focus on 

Ah{s,t) = {fh ■ l[0,t]2™, fh ■ l[0,s]2'")L2(]82m). 

An easy integration over the simplex gives 

Ah{s,t) = (2m)! / [^h,2m{tl,t2m)]'^dti---dt2m 
r it — t ')2m-2 

= (2m)! / ^ lZ^[$^2m(ti,W)]'rftirfW. 



D 
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Then, using the classical formula for the 2'm-th derivative oi pt, that is 

pf"^)(l/) = (2m)!r>,(t/)i72™ (^) , 
where if 2m is defined by ([33]), we deduce that 
A;,(s,t) = (2m)!(2m-2)! / (t^ - ti)^™-^ 



(45) 



X 



\t,-t,)-^^-'^ 



'2(t2-«l) 



(27r(t2-ti))V2 



H' 



2m -2 



{t2-hy/\ 



{h - y) dy 



(it 1 (it 2 



(2m)!(2m-2)! 



h 



e 2(t2-ti) 



rii- 



y 



2m~2 



51 Jo (27r(t2-ti))V2 ^™-^^t2-tl)V2^ 

Perform the change of variable t2 — ti = r and ti = (T, which yields 

rh 



{h - y) rfy 



dtidt2 



Ah{s,t) = {2m)\{2m-2)\ / (s - r) 







^ '^ TT ( y 

-n2m-2 



(27rr)V2 



1/2 



(/i - y) rfy 



dr. 



Now set y/r^^"^ = ^ in order to get 

, , , (2m)!(2m-2)! . T/ 
A(s, t) = ^ '-\ h' (s- r) 

ZTT JO 



e 2 ii2„_2 {z) I 1 — 1 rf^; 



n2 



(ir. 



Finally let u = h/r^^'^, so that we end up with Ah{s,t) = -(2m)\{2m — 2)! h^a{h), where 



a{h) 



u 



h/s^/^ 



w 



U 2 



n2 



du. 



I2rn-2{z) 1 dz 

10 \ uj _ 

It is now readily checked that the main singularity in the integral defining a{h) is due to 
a term u~^v? = u~^ integrated close to 0, so that for small h, a{h) is of order \n{l/h). 
In order to quantify this fact, let us apply rHopital's rule to a(/i)/ln(l//i). We get 

h^o \n{l/h) h^o h-^ 

It is now easily seen that b'{h) is equivalent to — | h~^[H2m-2{0)]'^ in a neighborhood of 
the origin, so that a second application of I'Hopital's rule to b{h)/h~'^ yields 



/•oo r ru p. 

with Uh) =2 u-^ e~-H. 

Jh/s^^ [Jo 



f2m-2 
/O ' ' \ U 



z) 1--] dz 



du. 



lim 



a{h) 



\H.. 



2m~2 



m'- 



h^o\n{l/h) 4 

In order to conclude recall that Ah{s.,t) = -{2m)\{2m — 2)\h'^a{h), and thus with the 
value of ii^2m-2(0) in mind (see fl5S]) ) we end up with 



lim 



Ah(s,t) s ,^^ , ,,2/ x,/ X, (2m)!(2m-2)! 
^ ^ - - [ii2m-2(0)]' (2m)! (2m - 2)! = ^,^^, ^ s, 



/i^o /i4 ln(l//i) 4 
which finishes the proof of relation flH|) since 



lim 



E 



2m.,h ^2m,h 



■yLjn^n -y 



128 



lim 



22™-i[(m-l)!]2 
Ah{s,t) 



h^o /iMn(l//i) n{2my.h^oh^\n{l/h)' 
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n 

Remark 3.9. The fact that J^'^m — ^^5 mentioned at Theorem 11.21 item (iii), is now easily 
deduced from relation flH|) . We leave this easy execice to the patient reader. 

3.4. Contractions. In this section we shall prove that for a fixed t G [0, 1] the random 
variable ifj(i?)/[/i^ln(l//i)^/^] converges in law to a Gaussian random variable as h goes 
to 0. Owing to Proposition 13.31 and with Proposition 13.71 in hand, this boils down to the 
study of contractions for the functions fh, Qh involved in the definition of Jn{Ht{B)) given 
at fl5I?]) . Those contractions are evaluated in the following proposition: 

Proposition 3.10. Fixn = 2m > 2, and recall that fh, gh,t o,lso depend on n as highlighted 
in (Hni) - (HT1) . Then for every r G {1, . . . ,n — 1}, one has 

aTJ/M IKA + 9h,t) ®r (fh + ^M)llL2([o,t]2"-2'-) -^ (46) 



hnn 

as h tends to 0. 

Proof. Due to Lemma [3. 8^ the proof of Proposition 13.71 and thanks to the fact that 

II A ®r 5'h,t||L2([0,t]2"-2'-) < ||/h||L2([0,t]2™)||fi'/l,,t||L2([0,t]2m), 

it is readily checked that as h tends to 0, 

^^^^^^27Y7^ll(A + ^/l,t)®r-(A+^/l,i)||i2([0,t]2„-2.) = ;^8 1n2Q/^JA®'-Alli2([0,i]2n-2,.)+o(l). 

We are thus reduced to prove that 

hm l'^^^-^^'|i-(M") = 0. (47) 

h^o hHn\l/h) ^ ' 

In order to compute \\fh ®r /h||i2(rot]2n-2r-), let us consider the following general problem: 
fix an integrable function ip defined on Sf and compute the contraction norm: 

Rnri'-p) = / / (y9(max(s, t^),min(s, t"*^)) y9(max(s, t^),min(s, t^)) (is dt^dt"^, 

j[o,t]2("-'-) \J[o,t]'- / 

where we have set 

max(s, t) = max(si, . . . ,Sr,ti, . . . , tn-r), min(s, t) = min(si, . . . ,Sr,ti, . . . , tn-r)- 

Note that Rn,r{f) can also be written as 

Rn,M = f 2 / 2 n ^(max(s\t^),min(s\t^)) rfs^ds^dt^t^. 

In order to evaluate this integral, the following simple transformations can be performed: 
(i) Replace max(s*, t-') by max(s') Vmax(t-'). (ii) Integrate on simplexes such as < si < 
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< Sr < t. For 2 < r < n — 2, this simplifies the above expression into 

2 

2 [ ( ^k „k\r—2(^k ^k'\n—r—2' 

k J_fc J_fc J_A; 



Rn,M = [{n~r)\r\f f[ (^ (max(a^, r|),min((Tl, r/) 

r-2'l 

(iorf c/(j2 c/r^^ dT2 



fe=i 

that is 

2 



2 r^af-a}=)^-2(r|-ri'=)"-'--2 



(r-2)!(n-r-2)! 



K,r(<^) = PrH / ,^, / ,^^ n ^(max(a^,r|),min(al,rf; 

^(52)2 J(52)2 .^^.^-^ 



X n (^2 - ^tT"'(r2' - r^r-''-' dal da', dr^ dr^ (48) 
fc=i 

12 



where we have set Pr{n) = [(n — r){n — r — l)r(r — 1)]" 

We now recall that fh is defined by (1401) . which means that we shall apply identity 
to the function </) = $/j where $/i is introduced at Notation 13.11 Towards this aim, 
observe that one can write $/i(m, v) = in,h{v — u) with £n^h '■ ^+ ^ IR+ given by (in,hiw) : = 
/o Pw~'^Ky) (^ ~ y) dy- Thanks to the expression (H5]) we have already recalled for p^^^'' 
we thus get 



1.2 



„ , , (-l)"(n-2)! t^ e-fe .. / Z/ \ ., ^ , ^ 



Plugging this relation into fHS]) . we obtain that for 2 < r < n — 2, 

II A ®r //l|L2([0_t]2n-2r) 

< Cnrh^ / TT (max(cra, To) — min(cri, rf' 

- "''^ M2)2 7(52)2 ^_^i/ ^ 2, 2; I 1, 1, 



n (^2 - (^iY'\^2 - tI^-'-'' da\ da\ drl dr^ 

k=l 

2 ^ 

< Cnrh^ f I n (max(a^, r|) - min(ai, rf )) '^'^ \{ da\ da'', dr^ dr^. (49) 

i{52)2 J(52)2 ..^-^ ^^^ 

This kind of integral will be handled in Lemma 15.11 which allows to conclude that 
II A ®r A|li2(roti2n-2r) < c„_^. /i^. Heucc relation (H7I) obviously holds true, which in turn 
implies fB^ . 

We have thus proved relation (1461) for n > 4 and 2 < r < n — 2. The remaining 
possibilities can be treated applying the same reasoning: in the case (n > 4, r G {1, n—1}) 
we have 

||/?t ®r /ft||L2([0_t]2n-2r) 

<Crnh^ / Jl (max(a*,r^) -min(cr\r/)) da^ da"^ f[ dr^ dr. 
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and we recognize here the second (finite) integral involved in Lemma 15.11 Finally, the 
case (n = 2, r = 1) reduces to 

Wfh ®r /h||L2([0_t]2n-2r) 

2 

<Cr,nh^ / n (max((T',r-') -min(a\r-')j da^ da'^ dr^ dr'^ , 

J[0,t\ J[0,t] ij=i 

so that we can conclude with Lemma 15.11 as well. 

n 

Summarizing our considerations up to now, we have obtained the following convergence 
in law for the finite-dimensional distributions of X"^"^'^: 

Proposition 3.11. Taking up the notations of Theorem \1.^. consider ti, ... ,td G [0,1] 
and m > 1. Then as h ^ we have 

¥MUhW^ '' '•••'^*. )-^-m^fiO,T) where ^^ = ^,^^^^ _ ,y^^, 
andAf{0, r) is the centered Gaussian law in M'^ with covariance matrix r{i, j) = min(tj, tj). 

Proof. We shall simultaneously apply Propositions 13.31 and 13.41 to the random vector 
/i^^[ln(l//i)]~^/^(Xij'"' , . . . ,Xf^' ), which is of course a sequence of random vectors in 
{'H2mY- Moreover: 
(i) According to Proposition 13. 7^ we have for every tj,tj, 

-pi r -v^2m,/i -y-2m,h-\ 

i^o^^4i(i7lr=^™'^^'''^- 

(ii) For each fixed tj, one can write Xf"^'^ = hmihrn^) with k2m,h = j^ifh + gh,u) ' 
l[o_t-]2m. Then Proposition 13.101 asserts that 

^i^ Tl~rT777Tll^2m.?t ®r fc2m,/i||-H®2(n-r) = 0. 

h-^o h'^\n.{l/h) 

We can thus combine Propositions 13.31 and 13.41 so as to conclude. 

D 

3.5. Tightness. Now endowed with Proposition 13.111 the proof of Theorem 11.21 reduces 
to showing that the sequence of processes {/i~^ln(l//i)~^/^X^™'' , t G [0, 1]} is tight. This 
is the contents of the following proposition: 

Proposition 3.12. Fix m > 1. Then: 

(i) There exists A > and a constant c^ such that for all < s < t < 1 , 

sup TtAtTtA^^'""' - ^'™''l'l <^rn\t-s\\ (50) 

/,g(o,i) /i^ ln(l//i) L J 

(ii) The family {h~^ln{l/h)-^/^X^'^'''; h > 0} is tight in C([0, 1]). 
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In order to prove Proposition 13.121 recall that Xf"^' = j^hmUfh + gh,t) ■ Ifcii^™) 
with fh, Qh defined by ( HU]) - fHT]) . We will also use the following additional property of qh, 
which can be readily checked with the help of flHT]) - fl52]) . as in the proof of Lemma | 



Lemma 3.13. Fix m > 1, and recall that we write gh,t instead of gh,t,2m for notational 
sake. Then there exists A > and a constant Cm such that for all < s <t < 1, one has 

II l|2 ^ 1.4: U 1-*^ 

sup \\gh,t — gh,s\\L'^(\OsP^n) ^ Cmn F — S| . 

he{o,i) '' ' ' 

We can now turn to the proof of the main proposition of this section: 

Proof of Proposition VJ.PA We prove the two claims of the proposition separately: 
Step 1: Proof of assertion (i). Let us write 

-^^m, _ -^m, ^ ^\ J_^(^(^f^ _^ g^^^^ . {ljQ^jj2„ — l[o,s]2m}j + In[{gh,t — gh,s) " 'i-[0,s]'^^) ^ 

The second term of this decomposition can be treated with Lemma 13.131 As for the first 
term, we clearly have 

2" 



E 
with 



InyUh + gh,t) ■ {l[0,t]2™ — l[0,s]2'"} 



<c^(A':, + B^,., 



<t = l^,^^,„^,^^Mtl,t2mYdt,---dt2m 

S<t2m<t 

^Xt = JQ^t^^^^^^t^^gKtitl^---Mmfdti---dt2m- 

S<t2m<t 

We now bound those two terms: first, split up A^^ into A^^ = Cm{^s,'t + ^s,'i } with 

Aslt = / {t2m ~ ti) "* ^h{tl,t2m) dtidt2m.) 

J0<ti<S<t2m<t 

and 

As'^t = / (^2m^^l) ^h{tl,t2m) dti dt2m 

= / {hm ~ h) "^ ^hitl,hm) dtidt2m- 

J0<ti<t2m<t-S 

Then by f l3UI) . one has for any small e > 0, 

A'^J < Cmh'^ {t2m-tl)~^ dtidt2m 

J0<tl<S<t2m<t 

< Cmh^ {s-tiy^^^dti {t2m - hy dt2m < Cmh^ \t - Sl^'" . 

JO<ti<S Js<t2m,<t 

As far as A^'^ is concerned, we can follow the lines of the proof of Proposition 13.71 and 
conclude that lim hAi^ii/h\ As]t = Cm\t — s\ as h tends to zero, which gives us a proper 



estimate. 
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Finally, the bound for B^^ is easily derived as follows: first notice that, according to the 
definition (HTl) of gh,t, we have 

S<t2m.<t 

The three terms above are handled easily, and along the same lines, thanks to fl30p . For 
the first one, we get for instance 



S<t2m<t 



< Cmh' [t-s) f {t- h)-' dh + Cmh' I {t- tif'^-\t - ti)-2-+l dU 

Jo<ti<s Js<ti<t 

^ .4 I , ll— £ 

< Cm/i \t — S\ 

for any small e > 0. Gathering now our estimates on A^^ and B^^^ we have proved our 
claim dSU]). 

Stfp 2: Proof of assertion (ii). With inequality flSU]) in hand, the tightness result is easily 
deduced. Indeed, the random variable X^ ^' — Xf^'^ living in a finite chaos, we are in a 
position to use hypercontractivity (see [9]) and assert that for all p > 1, 

sup E 



n^^l^)h^v\n{i/hy 



I -tA2m,/i v2m,h\2n 

\^t - ^s I 






Kolmogorov criterion is therefore verified for every p such that ep > 1, which finishes our 
proof. 

n 

4. L^ MODULUS OF 2-DIMENSIONAL LOCAL TIME ON CHAOSES 

We now carry on the task of proving Theorem ll.3l for projections of the quantity H^{B) 
defined by ([T]) when i? is a 2-dimensional Brownian motion. For the sake of simplicity, we 
shall take up most of the notations introduced at Section El starting from the fact that 
our Hamiltonian is written H^{B) independently of the fact that i? is a one-dimensional 
or a two-dimensional Brownian motion. Like in [B], we shall also invoke the following 
important representation formula for H^{B): 

HJ^iB) = I ^^ [5oiB, -Bu + h) + 6oiB, -B^-h)- 25o{B, - B^)] dudv. (51) 

Remark 4.1. The reader should be aware of the fact that expression (15 ip is formal, since the 
self-intersection local time is a divergent quantity for a 2-dimensional Brownian motion. 
Notice however that only projections on fixed chaoses will be considered in the sequel, 
and all projections of the random distribution defined by fIFI]) are well-defined. 

Next we introduce the equivalent of the functions $ introduced at Notation 13. 1[ In 
the 2-d case, we will let this set of functions appear in a Fourier transform procedure, as 
follows: 
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Notation 4.2. For every n > 2, every i = {ii, . . . ,in) G {1, 2}" and every h G M^, we 
define a function $i(ti,t2) as 

Remark 4.3. In order to draw a link between $i and tlie function $ = $^"*^ introduced 
at Notation 13.11 observe that, at least for n = 2m even (the only cases of interest in our 
study), one can also write ^^''^ as 



K-Ut,s) = f'ptT"\y){h-y)dy 
Jo 



= h-'\h) - ptr'\o) 

= l{ptT'\h)+ptT'\-h)-2ptT'\o)} 

JR 

where we have used the Fourier representation pt-s{x) = c/jgrf^e^'^e"^*"*-*^ /^. 

The continuity properties of the functions $i, mimicking fl5U]) - fl521) . are summarized 
below: 

Lemma 4.4. Fix m > 1 and a G (0,2). Then there exists a constant Cm.a such that for 
every h eM? and all < ti < s < t < t2, 

max |<l>i;,(t,s)| <c„„|/ir|t-sr™+^"^. (52) 

max |<l>i,;,(t, ti) - ^i^s, ti)| < c„,, |/ir |t - shs - tir'"+'-^-^ . (53) 

ie{l,2}2'" 

max |$i,;,(t2, t) - ^i4t2, s)\ < c„,„ \h\^ \t - s\^ {t^ - t|-'"+i-t-^ . (54) 

iG{l,2}2™ 

The strategy of the proof for Theorem 11.31 is now similar to the one-dimensional case 
of Theorem II. 2t exact computation of the chaos decomposition, analysis of the variance 
and contraction properties for H^{B). This is why we shall skip some details below, and 
mainly stress the differences between the 1-d and the 2-d case. 

4.1. Stochastic analysis in dimension 2. The Malliavin calculus setting we shall use 
in this section is very similar to the one explained at Section 13. 1[ However, we stress here 
some differences between stochastic analysis for 1-d and 2-d Brownian motions. 

Notice first that our standing Wiener space is now the space of M^-valued continuous 
functions C(M+; M^), while the related Hilbert space is V, = (^^([0, 1]))^. We set B = 
{B^, B^) for the 2-dimensional Wiener process and for h = {h^, h'^) G "H we define B{h) = 
B^ (h^) + B"^ {h"^) . Starting from this definition of Wiener integral the Malliavin derivatives 
and Sobolev spaces are defined along the same lines as in Section 13.11 

Stroock's formula takes the following form in the 2-dimensional situation: designate 
by i = (ii, . . . ,in) a generic element of {1, 2}". Then for a functional F G ro°°'^ we have 
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E 



^L..uF 



nl 



(55) 



J„(F) = /„(/„), with 

Wn)= E / fi{h,...,QdBll---dBl:, h{h,...,Q 

Finally Propositions 13.31 and 13.41 are still valid in our 2-d Wiener space context, except 
for the fact that the expression for the r-th contraction (r G {1, . . . , n}) of a given kernel 
/ reads as follows: for k\ k^ e {1, 2}""^ and t^, t^ e [0, 1]""% 



(/®r/){ki,k2)(t\t^) := E / ^C?s/(kl,i)(t\s)/(k2,i)(t 

1f=/1 9\r "'[0,1]'' 



(56) 



16(1,2} 



4.2. Chaos decomposition of H^(B). We are now ready to compute the projections 
j^n,h of iJ^(i?) on chaoses, which is the analogous statement to Proposition 13.61 in the 2-d 
situation. 

Proposition 4.5. For every n > 1 and every non-zero h G M^, recall that we have set 
X"' = Jn{H^{B)) for the projection of H^{B) onto the n-th Wiener chaos. Then we 
have X^' = if n is odd and 

^r'=4 E / {fi{ti,...,tn)+9iAtu---,tn)}dBll---dBl: ifniseven, (57) 

for some universal constant c. In the previous equation, the symmetric functions /i G 
L'^{M.l) and g^ G ^^([0,^]") are defined for each i G {1,2}" by 

/i(ti, . . . , tn) = ft{tu ...,tn):= $i(min(ti, . . . , t„), max(ti, . . . , t„)), (58) 

and 

gi,titi, . . . ,tn) = Qi^ti^l, ■ ■ ■ ,tn) 

:= -<l>i(min(ti, . . . , t„), t) + <l>i(0, t) - <l>i(0, max(ti, . . . , t„)), (59) 
where we recall that the functions $i are introduced at Notation \J7i 



Proof. By applying Stroock's formula fl55]) to expression fIFT]) in a similar manner as in 



n,h ■ 



the proof of Proposition 13. 6^ we obtain that X"' is equal to 



- E 



ig{l,2}" "^i \ ^' *" 






O Pv—u/,\ , (y Pv—u / ,\ r,^ P'"—Ufrt\ 



Y[l[u,v]{U) dudv 



i=l 



X dB\^---dB\- 
dudv\ dBil ■ ■ ■ dBll, 



where Pi(x) stands here for the 2-dimensional Gaussian kernel and where we have set 
dxi := dxi^ ■ --dxi^. Observe first that ^"|^."" [h) + ^"|^."" {~h) - 2 ^"|';7" (0) vanishes when 

ra is odd, which yields our claim X"' = in this situation. In the case where n is even, 
use the Fourier representation 
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and Fubini's theorem in order to derive 



ie{l,2}"'^'^t 



^{1,2} 

Formula (15 Tj) follows by symmetrization 



n 



4.3. Asymptotic behavior of the variance. With expression 0571) in hand, we now 
proceed as for the one-dimensional case, and compute E[X('^' X^"^'^] in order to see how 
this kind of quantity scales in h. Let us first label the following analytic lemma which 
will feature in our future computations: 

Lemma 4.6. Fix rra > 1 and </? : M^ — ^ M such that 

W{x,y)\ < c{\x\^-^\y\^-' + |x|i+=|i/|^+"} (60) 

for some small £ > 0. For every non-zero e G R^, set 

Llm,e ■■= l^ d^ l^ dr^ |j^ ¥'((e, e), {v, e)) exp (-^d^P + \v\')) ■ (61) 

Then -L2m,e is well-defined and for all unit vectors e,e G M^, one has //2m,e = -^2m,e- ^^ 
denote by Lg^ this common quantity. 

Proof. The fact that -L2mg is well-defined can be easily checked using ( EUj) . As for the 
second assertion, introduce the rotation A which sends e to e and then use the isometric 
change of variables ^ = A*^, rj = A*7i, so as to turn La^ e i^^o ^tm e- 

D 

We will also make use of the following uniform estimate for g^^^, which (as in the proof 
of Lemma [3. 8l) can be easily derived from the bound (I52|) : 

Lemma 4.7. Fix m > 1, and recall that for every t > and every i G {1,2}^™, gi^t is 
defined by (HTl) . Then there exists a constant Cm arid a small e > such that for every 

heR"^, 

^^P lli/i,tllL2(ro/12m-) ^ Cm I'il 

iG[0,l],i6{l,2}2™ 

We can now compute the correct order of E[X4™'' A^™"'^] as follows: 
Proposition 4.8. Fix ?7i > 1. Then for all < s < t < 1, it holds that 



liml/ir^E 

ft-s-O 



T^^2m,h, T^^2m,/i 



2 -.J, 2 C-tJ2m 

cr^ s With a„ 



(2m -2)!' 
where c is a universal constant, where (f is defined for every {x, y) G M? by 

^{x,y) := / -r{l -cos(mx)}{1 -cos(m|/)}, 
JO w^ 

and where we recall that ^2^ has been introduced at relation (161 p . 
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Proof. Recall that 

c 



E 



Y'2rn,h Y^m.h 



X! ((/i + 9i,t) ■ l[0,t]2™, (/i + gi,s) ■ l[0,s]2'")L2{M2m) 



(2m). ig|i 2}2™ 
and thanks to Lemma 14 .7^ we only have to focus on the sum of the terms 

•^l,t '■= (/i ■ l[0,t]2™, /i ■ l[0,s]2™)L2{R2m). 

An integration over the simplex gives 

'^lt~ 77, TWi / ^iM^2m,ti) {t2m ~ tl) ™ dtidt2m- 

[2m — 2)1 JA2 
The change of variables t2m —ti = T and ti = a easily leads us to 



Setting Ch = jf^T, the change of variable u = \h\/T^^'^ now gives 

By using fl5^ . one can check that |/ip jj^/j,i/2 u~^$i,ueh(l, 0)^(iM — > as /i — )■ 0, so that 
the main contribution will come from the terms 

Now write 
*i,ne.(l, ^f= Idd /V ^%rir^{l - cos(«(e., 0)}{1 - cos(«(e., r^))}e-^(l^l^+l''l^) 

JR2 J]g2 1^1 |?7| 

and observe that Z]ig{i,2}2'" 11^=1 ^^'71^ = i^^v)'^"'- Thus, thanks to Lemma W^ and using 
Fubini theorem, we deduce that 



\h\-' V A' 2(2m)! 



where yj/i is defined as 



, , r°° {1 — cos(nx)||l — cosfuw)} , 

Finally, the convergence of Lg^ towards Lgm easily follows from the fact that ip satisfies 
relation fIBU]) for some small e > 0, and this achieves the proof. D 

4.4. Contractions. We now turn to the contractions estimation for the functions fh, Qh, 
where our 2-dimensional contractions are defined by (1561) . The following is of course an 
analog of Proposition 13.101 in our 2-d setting: 

Proposition 4.9. For every r & {1, . . . , n — 1}, one has 

IK/. l[o,t]"+^.,t)®r.(/. l[o,t]« + g.,tW 

Y. Il((/- M0,t]-+9.,t) ®r (/. l[0,i]" + C/.,t))i|li2([o,J]2n-2,.) = 0{\h\^). 

ie{l,2}2'^-2'- 
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Proof. Thanks to Lemma 14.71 it suffices to focus on the sum 

kl,k2G{l,2}"-'- 

Assume ffist that 2m > 4 and 2 < r < 2?Ti — 2. Then we can follow the lines of the proof 
of Proposition 13.101 and deduce that 

Yl ll((/- l[0,t]") ®r (/. l[0,t]"))(ki,k2)||L2([0,t]2"-2'-) 

ki,k2g{l,2}"-'- 

= Cm Y, n $(kM:'),ft(max(or*,r2^),min(orl,ri')) 

ki,k2e{i,2}"-'- ('^'•' ^^<^> i,j=l 

l\l2g{l,2}'- 

k=l 

Now, plugging the bound flS21) (uniformly over (k*,F)) into the latter expression yields, 
similarly to fH^ : for any small £ > 0, 

Y WiU- l[0,t]") ®r (/. l[0,t]"))(ki,k2)||L2([o_t]2n-2r) < C^ | /i | "*" '^ Je, 

ki,k2e{l,2}"-'- 



with 

2 

^' •= ^2^ ^2^2 n (max(ai ri) - min(ai, Ti^))"'^'''^' H dalda^dr^drl 



'(A2)2 J(A2)2 — 



fc=l 



By Lemma EH we know that this integral is finite for £ > small enough, which achieves 
the proof of the proposition in the case (2m > 4, 2 < r < 2m — 2). 

The two situations (2m > 4, r G {1, 2m — 1}) and (2m = 2, r = 1) can also be handled 
with the same arguments as in the proof of Proposition 13. 101 (with the help of Lemma IHTTl 
as well). Details are left to the reader. 

D 

Like in Section [231 by combining Propositions 14. 81 and 14. 91 we end up with the following 
convergence in law result for the finite-dimensional distributions of X"^^'^: 

Proposition 4.10. Taking up the above notations, consider ti, . . . , t^^ G [0, 1] and m > 1. 
Then as h ^ we have 



1 r v-' 

— (Xi^ , • • • , ^i, ) ^ a^ A/ (0, F) where a^ = .^^_^., 



andJ^lO, r) is the centered Gaussian law in W^ with covariance matrixr{i,j) = min(tj, tj] 
Recall that the quantity L2m has been defined in Proposition\4.8. 



Let us briefly check point (Hi) of Theorem II. 3^ i.e., the divergence of the series of 
variances, as it is less obvious than in the 1-d case. 



Proposition 4.11. With the notations of Proposition \J^T(^ it holds that J2m=i'^rn — ^^- 



30 



A. DEYA, D. NUALART, AND S. TINDEL 



Proof. One has 



E 

m=l 



CX) 






cr^ 



2m 



'£(2rn-2)! 



Jm? \c\ \ti\ 



mv\' 






> c 



JrR,oo)2 jBf \tr\v\ 



mv\ 



(62) 



for every R> and where the notation B^ refers to the unit ball around ^. Now observe 
that for R large enough, ^ G [R, oo)^ and r] G Sg, one has 



9^(6, ^i) = ^1 ■ V^fl, 7^) > ^1 ■ c^ with c,^ = inf </?(!, x) > 



e 



<x<2 



and also {^, rf) > ||^| . Therefore, going back to fl^2]) . one has for i? large enough and a 
suitable (finite) i?. 






dr 



iR r 



which achieves the proof. 



D 



4.5. Tightness. In order to complete the proof of Theorem 11.31 we are now left with 
the tightness property for the family of processes {h'^Xi^' , t G [0, 1]}. The following 
proposition is thus the equivalent of Proposition 13.121 in our 2-d context: 



Proposition 4.12. Fix m > 1. Then: 

(i) There exists A > and a constant Cm such that for all < s < t < 1 , 



1 



sup 



:E 



I T^2m,h \^2m.h\2 



< r If — si 



(63) 



\h\eio,i) l^-r 

(ii) The family {X^""'^; \h\ > 0} is tight in C([0, 1]). 
Proof. We use the same arguments as in the proof of Proposition 13. 12[ First, observe that 



E 



where 



I •cr2m,h \r2m,h\2 
\^t - -^s I 



^M 



< C^ 



iG{l,2}2™ 



0<ti<...<t2„ 

S<t2m<t 



"^1(^1; t2m) dti ■ ■ ■ dt2mi 



■^'* ■' /0<tl<...<t2r, 



9i,t\tli ■ ■ ■ 5 ^2m) dti ■ ■ ■ dt2m- 

S<t2m<t 

By using both (15^ and (jMD, it is readily checked that 



max \h\ ^Iki/ - qi.J|?2/^n„l2m^ < c|t - s| 



iG{l,2}2 



\9i,t — fi'i,s||L2([0,s]2m) 
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for some A > 0. Then the treatments of I]ig{i,2}2™ ^s,t a^nd I]ie{i,2}2'" -B' t, as well as the 
derivation of assertion (ii), follow the lines of the proof of Proposition I3.12[ For the sake 
of conciseness, we do not repeat the details of the procedure. 

D 

5. Appendix: a technical lemma 

It only remains to prove the technical result on which the contraction computations of 
Propositions 13.101 and 14.91 rely. 



Lemma 5.1. The three following integrals 



2 

f f f] (meix( a\T^)~mm(a\T^)Y^^da^da^dT^dT\ (64) 



2 



and 



/ 22 / 2 n {^Six{a\Ti)-mm{a\Ti)) ^^ da^da^ fldr^dr^, (65) 

L,, L,,2 n (max(a^, ri) - mm{al, rf ))"'' fl da'^da^dr^dr^ (66) 

are convergent if and only if 6 < 1/4. 

We only focus on (I66p . since 064p and 0651) can be treated with similar arguments 
(see Remark 15.31 at the end of the proof). In order to ease notations, we shall also 
change our time indices and set {crl,crl) = (xi,X5), (cr^,o"2) = {x2,Xq), {tI,T2) = (x^jXj), 
(r^, T2) = (x4, Xg). Our integral of interest can thus be written as 



la := / [(^7 V X5) - (X3 A xi)]^" [{xs V X5) - (X4 A xi)y°' 

X [(x7 V Xq) — (xs A X2)]~" [(xg V Xe) — (X4 A X2)]~'^ dx, (67) 

where D = {x e [0, 1]^ : Xj < X4+J, 1 < i < 4}. and a < 7/4. 

The necessity of the condition a < 7/4 for the convergence of fl57|) stems from the following 
fact: observe that if 

iS := {x G [0, 1]^ : < Xi < X5 < X2 < Xg < X3 < X7 < X4 < Xg < 1}, 

one has 

Ij/i > / (a^7 - xiy'^^'^ixs - Xi)"'''/'^(x7 - X2)"'''/'^(xg - X2)~'^^^dxdy 



IS 

> c (mi + U2y^^^{ui + U2 + u^y^^'^U2'^ {u2 + u^y^ ^ ^ Uiulu^ duidu2dus 

J [0,1] 3 

/■I dr 

> c —, 

Jo r 

by using spherical coordinates. 

In order to prove the convergence of la when a < 7/4, we propose to rely on some 
block-type representation of the integral, described as follows. First, given x & D, denote 
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Ji := [a;3Axi,X7Va;5], J2 := [a;4Axi, Xs Va;5], J3 := [0:3 Aa;2, X7Va;6], J4 := [a^4Ax2, Xg Va;6], 
so that 

/« = / n ^{JiY" where £([a, 6]) = 6 - a. 
•^^ j=i 
Now and for the rest of the proof, we fix a generic permutation cr G ©s a.nd consider the 
simplex S" generated by a, i.e., 5°" := {x G [0, 1]^ : Xa{i) < . . . < Xa{s)}) assuming that 
S"^ C D. If Jj = [xo-(mi), a^(T(ni)] on iS'^ (for rrii < rii G {1, . . . , 8} depending on a as well), 
we introduce the block Sf := {mj, m^ + 1, . . . , nj} and set i3°" := {-Bf , . . . , -B4 }. Then, 
using an elementary change of variables, it is readily checked that 

4 4 

where we have used the following general notation: 

Notation 5.2. Given Bi := {m,, mj + 1, . . . , rij} fi = 1, . . . , 4^ wt/i m, < rij G {1, . . . , 8} 
and B := {i?i, . . . , B4}, we set 

Ia,B-= / Y[{Xn,-XmJ " G[0, Oo]. 

"'0<a;i<...<X8<l j^]^ 

Of course, /« = J2a:S'^cD ^a,a = J^a-.s-^cD Ia,B'' ■ Our key argument to prove that la^B" < 00 
for every a G ©s and a < | lies in the following three basic observations regarding the 
four blocks Sf composing B": 

(i) Card(i?f ) > 4 (Jj involves the min/max over four points); 

(ii) Card(i?j^ U -Bp > 6 if i 7^ j {JiU Jj involves the min/max over at least six points); 

(Hi) Each of the extremum points 1 and 8 appears exactly twice in B'^. Indeed, on S'^, 
the minimum Xo-(i) (resp. maximum x^(^s)) appears exactly twice as a left (resp. right) 
bound in Ji, . . . , J4. 

Let us now discriminate the possible situations for i3°" according to this last condition (Hi) 
(see Figure 1 for a representation in each case): 

Case 1: 1 and 8 never appear in the same block B^, . . . , B^. Then, by focusing on the 
possibilities for the two blocks with left-hand side 1 (resp. the two blocks with right-hand 
side 8), and given the above constraints (i)-(ii), we end up with la^s'^ < Ia,Bo where 

i3o:={{l,...,4},{l,...,6},{5,...,8},{3,...,8}}. 

Case 2: 1 and 8 appear once and only once in a same block (and so each of them 
appears once 'alone' in another block). Then it remains to pick one block over the points 
{2, . . . , 7}, and given the constraints (i)-(ii) on this block, we can easily conclude that 
there exists k G {1,2} such that Ia,B'^ < Ia,Bk where 

Si:={{l,...,8},{l,...,4},{5,...,8},{2,...,5}}, 

^2 :={{!,. ..,8},{1,...,4},{5,...,8},{3,... ,6}}. 

Case 3: 1 and 8 appear twice in a same block (necessarily {1, . . . , 8}). Then we have to 
pick two blocks over the points {2, . . . , 7}, and given the constraints (i)-(ii) on these two 
blocks (note for instance that, given (ii), 2 and 7 are necessarily involved in the union of 
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these blocks), we can easily conclude that there exists k G {1,2} such that /a,e<' < Ia,B2+k^ 
where 

S3:={{1,...,8},{1,...,8},{2,...,5},{4,...,7}}, 
i34 :={{!,. ..,8},{1,...,8},{2,...,7},{3,... ,6}}. 



Case 1 



!••••••• 



Case 2 



<i (I • • • • • • 



Case 3 



Figure 1. Representation of the 'extremal' situations in each case, i.e. the 
Bk {k G {0, . . . , 4}). Each line connects the extremities of a block in Bk- In 
Case 2 (resp. Case 3), the black lines are the ones common to Bi and B2 
(resp. B3 and B3). 



As a consequence of this reasoning, the problem is now reduced to the sole consideration 
of the five 'extremal' integrals Ia,Bk {k ^ {0, . . . ,4}), which can be very easily done with 
basic estimates. For instance, if a = | — e with e > 0, one has 



'a,Bo 



dx {X4 — Xi) "(Xg— Xi) "(Xg— Xs) "(Xg — X3) " 
0<xi<--<a;8<l 

C / du {Ui + U2)'"'{ui H h M4)~"(m4 + M5)~"(m2 H h U^Y^'UiU^ 

J[0,l]5 



< c 



-l+fe -1+ie -l+ie 



[0,1]' 



duUi^'^U^^^U2 ^ U3 ^ U4 ^ 



< CX3, 
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where we have used the elementary bounds 

(Ml+M2)-"<Mr" , (m4 + Ms)"" < %" , («! + ...+ M4)'" < Mr""''"w2"X%"" 

with f^ '■= ■^ ~ y 

Remark 5.3. This reduction of the problem, based on a block representation of the integral, 
can be easily adapted to prove the convergence of (1641) (resp. (1651) ). by working with blocks 
in {1,...,4} (resp. {1,...,6}) made of at least two (resp. three) elements. Thus, for 
relation (1M|) (resp. (1B31) ). one can check that the situation reduces to the sole consideration 
of two (resp. three) easy-to-handle integrals on specific simplexes. 
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